ON THE GEOMETRY OF CONSTANT ANGLE SURFACES 

IN Sok 

RAFAEL LOPEZ AND MARIAN lOAN MUNTEANU 

O 

(N 

5— ( ' Abstract. In this paper we classify all surfaces in the 3-dimensional 

Lie group 5*0/3 whose normals make constant angle with a left invariant 
' vector field. 

(N 
(N 

^ ! 1. Preliminaries 

' The space 5*0/3 is a simply connected homogeneous 3-dimensional manifold 

• whose isometry group has dimension 3 and it is one of the eight models of 

I geometry of Thurston [15j. As Riemannian manifold, the space S0I3 can be 

represented by equipped with the metric 

^ . where {x,y,z) are canonical coordinates of M^. The space Sol^, with the 

G^ ' group operation 
00 . 

00 ■ (x, y, z) * {x', y', z') = {x + e 'x', y + e^y', z + z') 

cn ■ . 

• ' is a unimodular, solvable but not nilpotent Lie group and the metric g is 

. left-invariant. See e.g. [2l|T5]. With respect to the metric g an orthonormal 

I basis of left-invariant vector fields is given by 

-z 9 , d d 

^1 = ^ ^2 = e — , 63 = —. 

ox ay oz 

The following transformations 

(x, y, z) ^ {y, -X, -z) and (x, y, z) ^ {-x, y, z) 

span a group of isometries of {Sols,g) having the origin as fixed point. This 
group is isomorphic to the dihedral group (with 8 elements) D4. It is, in 
fact, the complete group of isotropy [15j. The other elements of the group 

are {x,y,z) ^ {-x,-y,z), {x,y,z) ^ {-y,x,-z), {x,y,z) ^ {y,x,-z), 
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(x, y, z) I—)- (y, X, z) and (x, y, z) i— )• (x, — y, z) They can be unified as follows 
(cf. [IT]): 

(x, y, x) I — J- (ibe~'^x + a, ie'^y + 6, z + c) 

(x, y, z) I — > {±e~'^y + a, ite'^x + h, z + c). 

It is well known that the isometry group of Solj, has dimension three. 
The Levi Civita connection V of 5*0/3 with respect to {ei, 62, 63} is given by 

Veiei = -63 Veie2 = Veie3 = ei 

Veaei = Ve2e2 = 63 Ve2e3 = -62 
VeaCi = Ve3e2 = Ve3e3 = 0. 

We recall the Gauss and Weingarten formulas 
(G) VxY = VxY + h{X,Y) 
(W) VxN = -AX 

for every X and Y tangent to M and for any N unitary normal to M. By 
A we denote the shape operator on M. 

2. Constant angle surfaces in 50/3 - general things 

2.1. Motivation. Constant angle surfaces were recently studied in product 
spaces x M, where denotes the sphere (when e = +1), the Euclidean 
plane (when e = 0), respectively the hyperbolic plane H-^ (when e = — 1). 
See e.g. O [U O Hj . The angle is considered between the unit normal of the 
surface M and the tangent direction to M. 

It is known, for 6*0/3, that 71^ = {dy = 0} and = {dx = 0} are totally 
geodesic foliations whose leaves are the hyperbolic plane (thought as the 
upper half plane model). 

On the other hand, for x M, the foliation {dt = 0} is totally geodesic 
too {t is the global parameter on M). Trivial examples for constant angle 
surfaces in x M are furnished by totally geodesic surfaces x {to}. 

Let us consider It follows that the tangent plane to (the leaf at each 
X = xo) is spanned by ^ and while the unit normal is ei. So, this surface 
corresponds to Qe x {Iq}, case in which the constant angle is 0. Due to these 
reasons we give the following definition: 

An oriented surface M, isometrically immersed in Sols, is called constant 
angle surface if the angle between its normal and ei is constant in each point 
of the surface M. 

2.2. First computations. Denote by € [0, vr) the angle between the unit 
normal N and ei. Hence 

^(A^, ei) = cos 6. 
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Let T be the projection of ei on the tangent plane TpM of M in a point 
pe M. Thus 

(1) ei = T + coseN. 

Case ^ = 0. Then A'^ = ei and hence the surface M is isometric to the 
hyperbohc plane = {dx = 0}. 

Prom now on we will exclude this case. 

Lemma 2.1. If X is tangent to M we have 

1. Vxei = -g{X,ei)e3, Vxe2 =5(X, 62)63 
Vxes =^g{X,ei)ei -g{X, 62)62 

2. AT = —g{N, 63 )T, hence T is a principal direction on the surface 

3. g{T,T) =sm'^9. 

At this point wc have to decompose also 62 and 63 into the tangent and the 
normal parts, respectively. 

Let El = T. Consider E2 tangent to M, orthogonal to Ei and such that 
the basis {61,62,63} and {Ei,E2,N} have the same orientation. It follows 



that 
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+ sin a E2 
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sm9 61 
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sin a 62 
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cos 9 61 




sin 9 cos a 62 
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sin sin a 63 



where a a smooth function on M. 



Case = I . In this case 61 is tangent to M and T = Ei. 
The metric connection on M is given by 

V^i-Bi = — cos a E2 VE2E1 = 

VE1E2 = cos a El VE2E2 = 0. 
The second fundamental form is obtained from 

h{Ei,Ei) = -sina AT, h{Ei,E2) = 0, h{E2,E2) = a N 
where cr is a smooth function on M. 

Writing the Gauss formula (G) for X = Ei and Y = E2, respectively for 
X = Y = E2 one obtains 

Ei{a) = and £'2 (a) = sin a — cj. 

Remark 2.2. The surface M is minimal if and only if cr = sina. Since Ei 
and E2 are linearly independent, it follows that a is constant. Moreover, M 
is totally geodesic if and only if a = 0, case in which M coincides with H^. 
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Due the fact that the Lie brackets of Ei and E2 is [Ei , E2] = cos a Ei , one 

can choose local coordinates u and v such that 

d d 
E2 = and Ei = /3(n, ?;) — . 
ou ov 

This clioice implies a and /3 fulfill the following PDE: 

Pu = —(3 cos a. 
Since a depends only on n, it follows 

where /9 is a smooth function depending on v. 
Denote by 

F : [/ C — > Sols 

(n,u)i — > {Ei{u,v), E2{u,v), E3{u,v)) 
the immersion of the surface M in 50/3. 
We have 

W ^ = = (-^1."' -^2,u, -P3,u) 

= E2 = (sin a 62 + cosa 63) i^^^^^^ = ^0, e^^Cw,^') gin a, cosa^ 

(^^) ^ ~ ~ F2,v, ^3,1;) 

1 /Ti i „ —A „-F3(u,'y) n n^ 



It follows 



a„F2 = sina(w)e-^3("''') F2 = F2{u) 

duEs = cos a(u) F3 = F3(u). 



Thus we obtain 



r 1 

E2{u)= I (sina(r)eJ'""°^'*(^)'^^)dT 

-^3('") = / COS a(T)dT. 

Changing the v parameter, one gets the following parametrization 

E{u,v) = (v, (piu), x(«)) 
which represents a cylinder over the plane curve 7(1*) = (O, (/){u), x(^)) 
where = / ( sin a(T)e-^" ™'°(^)'^'')dr and x{u) = / cos a(T)dT. No- 



tice that the surface is the group product between the curve v (v, 0, 0) 
and the curve 7. 

Let us see how the curve 7 looks like for different values of the function a: 
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a: a is a constant: 

■y{u) = (Ojtana e"™^", it cos a) 

b: a(s) = s 

7(u) = (0, J sins e^™^(is, sinuj 

c: a(s) = 

7(w) = (0,y"sins2 e/'^°^^''^^ds, J"" cos s^ds^ 

d: q;(s) = arccos(s), s G [—1, 1] 

0, / Vl-s^ e'ds, uj 

e: q;(s) = 2arctane^^ In this case, the expression of 7 involve hyperge- 
ometric functions. The surface M is totally umbilical but not totally 
geodesic. 






Figure 1. Items: b, c, d and e 



Coming back to the general case for 9, we distinguish some particular situ- 
ations for a: 
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Case sin a = 0. Then cos a = ±1 and the prmcipal curvature corresponding 
to the principal direction T vanishes. Straightforward computations yield 
= ^ case which was discussed before. 

Case cos a = 0. Then sin a = ±1 and the relations ([T]) and ([3]) may be 
written in an easier way, namely, for sin a = 1 we have 

ei = sin 9 Ei + cos ^ A^, 62 = E2, 63 = — cos 9 Ei + sin 9 N 
El = sin 9 ei — cos 6* 63 , E2 = 62, N = cos 9 ei + sin 9 63 . 

The Levi Civita connection V on the surface M is given by 

Ve^Ei = 0, VErE2 = 0, VE2E1 = cos9 E2, VE2E2 = -cos9 El. 
Remark 2.3. Such surface is minimal. 

Proof. Computing the second fundamental form, one obtains 

h{Ei,Ei) = -sm9 N, h{Ei,E2) = 0, h{E2, E2) = sm9 N 
and hence the conclusion. □ 

In order to obtain explicit embedding equations for the surface M let us 
choose local coordinates as follows: 

Let u be such that Ei = and v such that E2 and ^ are collinear. This can 
be done due the fact that [£^1, £'2] = — cos 9 E2. Considering ^ = b{u, v) E2, 
with b a smooth function on M, since , ^] = 0) it follows that b satisfies 
bu — b cos 9 = 0. This PDE has the general solution b{u, v) = ^{v)e^'^"^^ , with 
IJL a smooth function defined on certain interval in M. 

Denote hy F = {Fi, F2, F3) the isometric immersion of the surface M in 
S0I3. We have 

(i) ii = Fu = {duFi, duF2, duF^) 

= Ei= sine ei|,,^_„, - cose e3|,(„,„, = (sin 06-^3 q, -cos9) 

(ii) ^ = F, = {d,Fi, d,F2, d,Fs) 

= (0, ^(^;)e«=°«^+^3(«'^), 0). 

Looking at (i) we immediately get 

• the third component: F3(u,v) = —ucos9 + C{v) , C ^ C°°(M) 

• the second component: F2{u,v) = F2{v). 

Replacing in (ii) we obtain 

• the third component: C{v) = (o & M 

/V 

• the first component: Fi(u,v) = Fi{u). 
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Going back in (i) and taking the first component one gets 

Fi(u) = e""^" tan6'e"'=°''^ + constant. 

Since the map (a;, y, z) 1 — > {x+c, y, z) is an isometry for Sol^-, we can take the 
previous constant to be 0. Moreover, the map (x, y, z) 1 — > {e~'^x, e'^y, z + c) 
is also an isometry of the ambient space, so may be assumed to be also 0. 
Consequently, one obtains the following parametrization for the surface M 

= (tan^ e"^°"^ J M^)dr, -ncos^). 

Finally, we can change the parameter v such that iJ,{v) = 1. One can state 
the following 

Proposition 2.4. The surface M given by the parametrization 
(4) F{u,v) = (tan9 e""°'^ v, -ucos9^ 

is a constant angle surface in Sol^. 

Notice that this surface is a (group) product between the curve v 1— >■ (0, v, 0) 
and the plane curve 7(n) = (tan^ gucose^ —ucosO). 

The angle 9 is an arbitrary constant. Moreover, the curvature of M is a 
negative constant — cos^ 9. Analogue results are obtained if cos a = — 1. 

Prom now on we will deal with a and 6 different from the situations above. 

Lemma 2.5. The Levi Civita connection V on M and the second funda- 
mental form h are given by 



(5) 



V^;^ -El = — COS a E2, V EiE2 = cos a Ei 
VE2E1 = o- cot 61 E2, VE2E2 = -cr cot e El 



A = 



(6) = -sin6'sinQ; iV, h{Ei,E2) = Q, h{E2,E2) = a N. 

The matrix of the Weingarten operator A with respect to the basis {Ei,E2} 
has the following expression 

- sin a sin 9 
a 

for a certain function a € C°° (M) . 

Moreover, the Gauss formula yields 
(7.a) El (a) = 2 cos 9 cos a 

(7.b) E2{a) = sma ^ 



sin0 

and the compatibility condition 

{Ve,E2 - Ve^Ei) {a) = [Ei,E2]{a) = Ei{E2{a)) - E2{Ei{a)) 
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gives rise to the following differential equation 

(8) El (a) + a cos sin a + a"^ cot 9 = 2 sin cos sin^ a. 
Remark 2.6. The curvature of M is equal to 2 sin^ a sin^ — o" sin a sin — 1 . 

We are looking for a coordinate system (u, v) in order to determine the 
embedding equations of the surface. Let us take the coordinate u such that 
^ = -El. Concerning v, we will discuss later about it. 
Let point our attention on (17. ap which can be re-written as 

dua = 2 cos cos a. 

Solving this PDE one gets 

sin a = tanh(2n cos + 'ip{v)) 

where i/j is a smooth function on M depending on v. Notice that, apparently 
the equation has also a second solution sin a = coth(2ttcos 6* + tp{v)). This 
is not valid because coth takes values in (— oo, — 1) or in (1, +oo). 
Now, let us take v in such way that = 0, namely ■0 is a constant, denote 
it by ipQ. It follows that a is given by 

(9) sin a = tanh(u) 

where u = 2u cos + ipQ. 

At this point, the equation ([8]) becomes 

(10) (Tu + cot [a + 2 sin a sin 6*) (cr — sin a sin 0) = 0. 

Since ^ is tangent to M, it can be decomposed in the basis {Ei, E2}. Thus, 
there exist functions a = a{u, v) and b = b{u, v) such that 

-^ = aEi + bE2. 
ov 

Due to the choice of the coordinate v we have 

a ■ 2 cos cos a + b ^sin a 

or cos a = 



ov 



a 



sin( 



a. The case 6 = implies cos0 
studied separately. 

b. Consider b ^ 0. Let us denote by p{u, v) 
yields 



0. Both situations were 



% . Hence the equality above 



(11) 

On the other hand 

d d 







du ' dv 



Hence 
(12) 



sin^sina+p sin 20 cos a. 
= a-aEi + buE2 + 6( cos aEi — a cot 0E2) . 

(Qu + b cos a = 
L, — ba cot = 0. 
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If we take in (fTTI) the derivative with respect to u, and combining with (fTOl) . 
it follows 

(13) pu + cos a + p cos 6 sin a + cos^ ^ cos a = 0. 

Straightforward computations yield the general solution for this equation 
(see the Appendix), namely 

(14) p{u, v) = ± 3 

cosgsinh^ + 5 _-'V\%) 

where e = 0, 1 and A is a certain function depending on v. 

Let F : [/ C M2 — > M ^ S0I3, {u,v) 1 — > {Fi{u,v), F2{u,v), F3{u,v)) be 
the immersion of the surface M in 50/3. We have 



£^1 = sin^ eii , ,+cos6'e2|„, cos 6* sin a 631 , , 

^ ^\F{u.v) ^\F{u,v) ^ \F{u,v) 



I. du — Fu — {Fi^ui F2^u, F^^u 

(sin 6* e~^^^^''"\ cos cos a e^^ — cos sin q) 
which implies 

(15.a) (9„Fi =sin0 e-^^M 

(15.b) duF2 = cos e cos a e'^^^"''') 

(15. c) duF^ = — cos 9 sin a. 

From the last equation one immediately obtains 

(16) F3(n,7;) = -^logcosh(M) +C(w) 

where is a smooth function. Replacing this expression in (fT5lil) and (fTsTbl) . 
one gets 

(17) Fi = sine e-^^^^Iiu) + fi{v)) 

(18) F2 = ±cose e^(^)(J(7z) + /2(t;)) 

u u 

where I{u) = J \/ cosh(2r cos 6 + ^o)dT, J{u) = j cosh~2(2Tcos6' + V'o)d''" 

and /i, /2 are some smooth functions which will be determined in what 
follows. 



II. dy — F^ — {Fl^y, F2^V1 -^3,1)) 

= a{u, v)Ei + 6(m, v)E2 

= a(it, u) f sin ^ ei I , , + cos ^ cos a 621 ^, , — cos^sina 631 , ,) + 
+b{u,v){sina e2,^(„^^, +cosa esi^^^^^,). 
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It follows 

(19.a) d^Fi = a{u, v) sin 6 e'^^^"'") 

(19.b) d^F2 = (a(u, v) cos cos q + 6(n, v) sin a) e^^C^-'^) 

(19. c) dyFj, = —a{u, v) cos 9 sin a + b{u, v) cos a. 

From p6p and (119. cp we have 

—a{u, v) cos sin q + b{u, v) cos a = C'{v) 
and from (fT7|) and (|19.ap we obtain 

(20) C'(^^) (Hu) + fi {v)) - f[ (v) + a{u,v) Vcosh(u) = 0. 
Taking the derivative with respect to u, one gets 

(21) C'('y) + ciuiu, v) + a{u, v) cos 0tanh(M) = 0. 
The equation in a has the solution 

. ^ -Civ)Iiu)+av) 

(22) a[u, V) = - 



(23) b{u,v) 



\J cosh(u) 

cos Q sinh(n) 



\J cosh(M) 



C!{v)l{u) + e(w)) + C!{v) cosh(M) 



Recall that p(n, f ) = . We immediately notice that the general solution 
given by (jl4p is obtained with the following identification: e = <;=^ 
C^iv) = and e = 1 ^ A(t;) = follows 

Viu.v) = ± 3 . 

a ■ I C' (v) cosh'^ u 
COS t) smh(tij 



-(;'{v)i(u)H(v) 

At this point we will obtain the parametrization of the surface in the fol- 
lowing way. 

1. Combining with ([20]) one gets f[{v) - C{v)fi{v) - C{v) = which 

V 

has the solution fi{v) = e^(^) j ^(r)e~^(^)dT. Thus 

V 

Fi{u,v) =sme(^e-^^''h{u)+ J e(T)e~^M(ir) . 

2. Similarly, replace (jlSp in ()19.bp one obtains 

COSe{f^{v)+C'iv)f2iv)) + 

^^^^ +C'{v){cose{Iin) + J{u)) - ^iigL) = COS 9 ^v). 
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We have 

a{u, v) cos 9 cos a + b{u, v) sin a = ±C'(^) ( sinh(u) — cos 9 I{u) \/ cosh(M)) 
and 

- / \\ sinh('u) 

cos^(/(ti) + J(u)j _ = constant 

y cosh('u) 

which can be incorporated in the primitives I{u) or J{u). It follows that /2 
satisfies the following ODE f2{v) + C {v)f2{v) = ^{v) which has the solution 

V 

/2(y) = e-^(^) / e(r)e^Mdr. Thus 



V 

± COS a 



We conclude with the following result 

Theorem 2.7. A general constant angle surface in S0I3 can be parameter- 
ized as 

(25) F(n, t>) = 7i(v) * 72(n) 

where 

V V 

(26.a) 71(7;) = (sine J ^(T)e-^(^)(ir, ±cos9 j C{T)e'^^^UT, C{v) 

(26. b) 72 (^^) = (sin^ ±cos9 J{u), — -log cosh 

and ^ are arbitrary functions depending on v. 
The curve 72 is parametrized by arclength. 

Remark 2.8. The only minimal constant angle surfaces in 6*0/3 are: (i) the 
hyperbolic plane Ti^ (for 9 = 0); (ii) the hyperbolic plane (for 9 = 
(iii) surfaces furnished by Proposition 12. 



Proof. In the general case when 9 is different from and ^ and a is such 
that sin a and cos a do not vanish, the minimality condition can be written 
as o" = sin a sin 0. But this relation is impossible due to (jlip and (I13p . □ 



Final Remark. In order to define constant angle surfaces in ^0/3 we have 
considered ei as the direction with which the normal to the surface makes 
constant angle. Since both Ti^ and are totally geodesic foliations one 
can also propose 62 as a candidate to the preferred direction. If this is the 
choice, one can define constant angle surfaces in 50/3 to be those surfaces 
M whose unit normals make constant angle with 62 in each point of M. 
Analogue computations give rise to similar results. Since the differences are 
insignificant we do not give any detail for this problem. 
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3. Appendix: Solution of PDE 

Problem. Solve the equation + cos a + p cos 9 sin a + cos^ 6 cos a = 0. 
Solution. Denote by u = 2ucos9 + -i/'o- 
Let g := |; it follows that g satisfies 

Qu — cos Q — (7 cos 6 sin q — 2 cos^ 6 cos q = 0. 

Let ^ := g — cos^sinhn. It follows qu = + 2cos^ ^cosh-u. Hence, A 
satisfies 

Au - 3A cos 6 sinh u — A^ = 0. 

coshii 

3 13 

Let B := Acosh^2 u. It follows A^ = 35 cos sinh n cosh 2 u + S^cosha n. 
Thus, B satisfies 

Bu - B^ cosh2 u = 0. 
Hence either B = or = —I{u) + A(f), for a smooth A. 

If i? = then ^ = 0, q = cos 9 sinh -u. 

g 7^ if and only if / ^ and n / 0. 
One gets 

1 

P ~ n ■ 

cos sinh u 

If 5 / then 

, , /, . , - cosha u 

q[u, V) = cos t> smh u + 



These solutions correspond to 1. C' = and 2. A{v} — 



I{u) + K{v) ■ 
i 
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